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Abst ract - -By  applying a new Fan-Browder type fixed point point theorem due to author, an ex- 
istence theorem of quasi-equilibrium problem is proved in general topological space. As applications, 
some existence theorems of solutions for noncompact infinite optimization problems and noncompact 
constrained game problems are obtained in general topological spaces. These theorems improve and 
generalize a number of important results in recent literature. (~) 2000 Elsevier Science Ltd. All 
rights reserved. 
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1. INTRODUCTION AND PREL IMINARIES  
Let X and Y be nonempty sets. We shall denote by 2 x and $-(X) the family of all subsets of X 
and the family of all nonempty finite subsets of X, respectively. If X is a topological space, a 
subset B of X is said to be compactly open (respectively, compactly closed) if for each compact 
subset K of X, B N K is open (respectively, closed) in K. A topological space X is said to be 
contractible if the identity mapping Ix on X is homotopic to a constant function. 
Let T : X --~ Y, A : X ~ 2 x,  and ¢ : X × Y × X --* RU {+co}. The general quasi-equilibrium 
problem GQEP(T, A, ¢) is to find & E X such that 
e A(2), 
¢(~,T&,y) _< 0, Vy E A(k). (1) 
The GQEP(T, A, ¢) include various classes of equilibrium problems and various variational 
and quasi-variational inequality problems tudied by many authors in topological vector spaces 
as special cases, see [1-5] and the references therein. 
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Let I be any (finite or infinite) index set and for each i E I, Xi be a topological space. We use 
the notation 
x=l-Ixi and X'= H xj. 
i¢I j¢I ,  j¢ i  
For each x E X ,  xi denotes its ith coordinate and x i the projection of x on X i. Write x = (xi, x~). 
For each i E I, let Fi : X ~ ~ 2 x' be a set-valued mapping and fi : X ~ R U { ice}  be a 
function. The infinite optimization problem is to find & = (~?i, k~) E X such that for each i E I, 
~?i E F, (~i), 
fi(£:) = max fi (y i ,x i ) .  (2) 
y~eF,(~ )
Problem (2) has been studied by Kaczynski and Zeidan [6], Park [7], Ding [8,9], and others in 
topological vector spaces. Some existence theorems of solutions for the finite or infinite opti- 
mization problem (1) were established in [6-9] under various different assumptions in topological 
vector spaces. 
If I is the set of players, each player i E I has a strategy set Xi, a constraint correspondence 
Fi : X i ~ 2 x~ and a loss function fi : X ~ R U {+oo}. A constrained game F = (Xi, Fi, f i) ieI 
is defined as a family of ordered triples (Xi, Fi, fi). A point ~ E X is called an equilibrium point 
of F if for each i E I, 
~i e F~ (&i), 
f, (5) < £ v • F, (3) 
If Fi(x i) = Xi for each i • I, the constrained game F = (Xi, Fi, f i) ieI reduces to the conventional 
game F = (Xi, f i) ieI and an equilibrium point is said to be a Nash equilibrium point. 
The constrained game problem (3) has been studied by Ding [8,9], Aubin and Ekeland [10], 
Yuan, Isac, Tan and Yu [11], and others. Some equilibrium existence theorems were established 
in [8-11] under various different assumptions in topological vector spaces. 
In this paper, by using a fixed point theorem in topological spaces due to author in [4], a new 
existence theorem of solutions for the GEQP(T,  A, ¢) is proved under noncompact setting of 
topological spaces. As applications, ome existence theorems of solutions for infinite optimization 
problem (2) and constrained game problem (3) are proved under noncompact setting of general 
topological spaces. These results are new and interesting which improve and generalize a number 
of known results in literature. 
In order to prove our main results, we need the following result which is a special case of 
Theorem 2.1 of Ding [4]. 
LEMMA 1.1. Let X be a topological space and K be a nonempty compact subset of X .  Let 
G : X --~ 2 x be a set-valued mapping with nonempty values such that 
(i) for each y • X ,  G- l (y )  = {x • X : y • G(x)} is compactly open in X ,  
(ii) for each N • ~(X) ,  there exists a nonempty compact contractible subset LN of X con- 
taining N such that for each compactly open subset U of X ,  the set Nxev(G(x)  n LN) is 
empty or contractible, and 
LN\KC 
Then there exists :~ E X such that ~ E G(~). 
U G-I(Y)" 
yELN 
2. EX ISTENCE OF  SOLUTIONS OF  GQEP(T ,  A ,  ¢) 
THEOREM 2.1. Let X be a topological space, K be a nonempty compact subset of X ,  and Y be a 
nonempty set. Le tT :  X --~ Y,  A : X --~ 2 x with nonempty values and ¢ : X xY  xX  - ,  RU{:kce} 
be such that 
(i) for each y E X ,  A - l (y )  is compactly open in X ,  
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(ii) the set D -- {x • X : z • A(x)} is compactly closed in X, 
(iii) the set {y • X : ¢(x, Tx, y) < 0} is compactly closed and ¢(x, Tx, x) <_ O, for each x • X, 
(iv) for each N • Jz(X) there exists a nonempty compact contractible subset LN of X con- 
raining N such that for each compactly open 
(xEgnD (A(x) NP(x) OLN) )  N 
subset U of X, the set 
is empty or contractible, and for each x • LN \ K, if x q~ D, then A(x) n LN ?~ 0; if x • D, 
then A(x) n P(z) N LN ?~ 0, where P(x) := {y • X : ¢(x, Tz, y) > 0}. 
Then there exists ~ • X such that 
• A (2), 
¢ (2 ,T2 ,y )  > 0, Vy • A(2) .  
PROOF. Define set-valued mappings P, G : X ---* 2 x by 
P(x) = {y • X :  ¢(x, Tx, y) > 0} 
and 
A(x) NP(x) ,  i f x•D,  
G(z) = A(z), if x • X \ D. 
By (i) and (iii), for each y • X, we have (An  p) - l (y )  = A- l (y)  N p - l (y )  is compactly open 
in X. By Conditions (i)-(iii) and using similar argument as in the proof of Lemma 2.3 of [4], 
we can prove that for each y • X, G- l (y)  is also compactly open in X. Now assume that for 
each x • D, A(x) A P(x) ~ O, then for each x • X, G(x) is nonempty. Condition (iv) implies 
that Condition (ii) of Lemma 1.1 is satisfied. Hence there exists a 2 • X such that 2 • G(~). 
By the definition of D and G, we must have {x • X : x • G(x)} C D. It follows that 2 • D 
and 5: • A(2) n P(2). In particular, we obtain ¢(~, T2, 2) > 0 which contradicts the last part of 
Condition (iii). Therefore, there exists ~ • D such that A(~) n P(2) = 0, that is 
• n (~), 
¢ (~,T2 ,y )  < 0, Vy • A(2) .  
REMARK 2.1. Theorem 2.1 improves and generalizes Theorem 2.1 of Ding [3] and Theorem 4.2 
of Cubiotti [2] to noncompact topological spaces under much weaker assumptions. 
COROLLARY 2.1. Let X be a topological space and K be a nonempty compact subset of X. Let 
A : X --* 2 x with nonempty values and ¢ : X × X -+ R U {-l-oc} be such that 
(i) for each y • X, A- l (y)  is compactly open in X, 
(ii) the set V = {x • X :  x • A(x)} is compactly closed in X, 
(iii) x ~-~ ~b(x, x) is lower continuous on each compact subset of X and for each x • X, 
y ~-* '~b(x, y) is upper semicontinuous on each compact subset of X, 
(iv) for each N • .T(X) there exists a nonempty compact contractible subset LN of X con- 
taining N such that for each compactly open subset U of X, the set 
x~ND(A(z) n LN) 
is empty or contractible and t'or each x • LN \ K, if x q! D, then A(x) M LN ¢ 0; if x • D, 
then A(x) n P(x) n LN ¢ 0, where P(x) = {y • X :  ¢(x, x) - ¢(y, x) > 0}. 
Then there exists :~ • X such that :~ • A(~) and ~(~, ~.) < ¢(y, :~) for all y • A(:~). 
PROOF. Letting X = Y, T being the identity mapping and ¢(x, y, z) = ¢(x, y) - ¢(z, y) for all 
(x, y, z) • X x Y x X, it is easy to see that all conditions of Theorem 2.1 are satisfied. The 
conclusion of Corollary 2.1 follows from Theorem 2.1. 
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3. OPT IMIZAT ION AND CONSTRAINED GAMES 
THEOREM 3.1. Let I be (finite or infinite) index set. For each i • I, let X~ be a topological space 
and Ki be a nonempty compact subset of Xi. Let X = [Lel  X,  and K = E i6 I  Ki. For each 
i • I, let F~ : X ~ --* 2 x~ be a set-valued mapping with nonempty values and f~ : X --* RU {:t:oo} 
be a function such that the mapping A : X --* 2 x and the function ¢ : X x X --~ R U (+c<)} 
defined by 
A(x) = I I  F' (x') and ¢(y,x) = ~ f, (y,,x') , 
iEl iEI 
respective/y, satisfy the following conditions: 
(i) Conditions (i) and (ii) of Corollary 2.1 hold, 
(ii) the function x ~ ¢(x, x) is upper semicontinuous on each compact subset of X and for 
each x • X, the function y ~-* ¢(x, y) is lower semicontinuous on each compact subset 
of X ,  
(iii) for each N • ~'(X), there exists nonempty compact contractible subset LN of X contain- 
ing N such that for each nonempty compactly open subset U of X,  the set 
is empty or contractible and for each cc • LN \ K, if x ~ D, then A(x) rn LN ¢ I~; if x • D, 
then A(x) n P(x) n L~ # ~ where P(x) = {~ • X :  ¢(~, x) - ¢(~, x) < 0}. 
Then there exists ~: • X such that for each i • I, 
~, • F, (~')  , 
f, (:~) = max f, (y,, ~') .  
yiEFi(& i) 
PROOF. Obviously, K be a nonempty compact subset of X. Letting ¢(x, y) = -¢(x,  y) for all 
(x, y) E X x X, from Conditions (i)-(iii), it is easy to see that the A and ¢ satisfy all conditions 
of Corollary 2.1. Therefore, there exists ~ • X such that ~ • A(~) and ¢(~,~) < ¢(y,~), Vy • 
A(&). 
Hence, we have that for each i • I, xi • Fi(xi), and 
F,S,(~,,~') >~,I,(y,,~'), vyeA(~). (4) 
iEI iEI 
Choose 9 e X such that 9~ = yi E Fi(~ i) and 95 = xj, for all j E I with j ~ i, then 9 E A(~). It 
follows from (4) that for each i E I, 
iEl jEI,  j~ i  
>_ ~ s, (~,,~'1 - r ,  st (.~,~'1 = s, (y,,~'), 
iEZ jEI ,  j#i 
vy, e£,(~'). 
Hence, we obtain that for each i E I, 
~, e F, (~'), 
f i  (£') = maxu, eF~(~,)fi (Yi,Xi) , 
i.e., ~ is a solution of the noncompact infinite optimization problem (1). 
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REMARK 3.1. If for i E I, Xi is a compact contractible space, then Condition (iii) of Theorem 3.1 
is satisfied trivially. Theorem 3.1 is an improving variant of Theorems 4 and 5 of Park [7], 
Theorem 3.1 of Ding [8,9], and Theorem of Kaczynski and Zeidan [6] in general topological 
spaces without linear structure. The example of a set-valued mapping A satisfying Condition (i) 
of Theorem 3.1 was given by Cubiotti [2, p. 20]. 
If for each i E I, the function fi is replaced by - f i  in Theorem 3.1, then we obtain the following 
equilibrium existence result of the constrained game F. 
THEOREM 3.2. Let I be a (finite or infinite) set of players, F = (Xi, Fi,f~)~ez be a constrained 
game where each Xi is a topological space and X = I]iei Xi. For each i E I, let Ki C Xi be 
a nonempty compact set and K = I-LeI Ki. Suppose that the mapping A : X ~ 2 x and the 
function ~ : X x X --* R U {5=oo} defined by 
= 1]  and = S 
iEl iEI 
respective12, satisfy Conditions (i)-(iv) of Lemma 2.1. 
Then there exists :~ E X such that for each i c I, 
f, < • F, 
i.e., ~ E X is an equilibrium point of the contrained game F. 
As a direct consequence of Theorem 4.2, we have the following. 
COROLLARY 3.1. Let F = (Xi , f i ) ie/  be a conventional game where each Xi  is a topological 
space and let Ki be a nonempty compact subset of Xi. Let X = l-Lex x i  and K = I-LeI Ki. 
Suppose that the function ~b : X x X --* R U {+oo} defined by 
satisfies the following conditions: 
(i) x H ¢(x, x) is lower semicontinuous and y ~ ¢(x, y) is upper semicontinuous on each 
compact subset of X ,  respectively, 
(ii) for each N E :7:(X), there exists a nonempty compact contractible subset LN of X con- 
taining N such that for each x E LN \ K, there is a y E LN satisfying ¢(x, x) < ~b(y, x). 
Then there exists }e E X such that 
f, (5) < vy, e 
i.e., ~ E X is a Nash equilibrium point of the conventional game F. 
REMARK 3.2. If for each i C I, Xi is a compact contractible space, then Condition (iii) of 
Theorem 3.2 and Condition (ii) of Corollary 3.1 are satisfied trivially. Theorem 3.2 is an improving 
variant of Theorem 4.1 of [8,9], Theorem 8.4.23 of [10, p. 350-351], and Theorem 7.1 of [11] in 
general topological spaces without linear structure. 
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